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Summary: Assuming constancy of magnetic flux induced
in a long coil under both load and no-load condition makes it
easier to calculate magnetic field intensity H,,, at the sur-
face of a workpiece heated by induction. A knowledge of H,,,
makes it possible to analyse various electric quantities in
the workpiece. As an example, the real and reactive compo-
nents of power in the workpiece have been analysed. Condi-
tions that must be met to allow replacing the cylindrical
electromagnetic wave with a plane wave have also been given.
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Streszczenie: Przyjecie stalosci strumienia magnetycz-
nego wytworzonego w diugim wzbudniku zaréwno pustym,
jakize wsadem, ulatwia obliczenie pola magnetycznego H,,,,
na powierzchni nagrzewanego indukcyjnie wsadu. Znajo-
mo$¢ H,,, umoiliwia zanalizowanie r6znych wielkosci elek-
trycznych wystepujacych we wsadzie. Przyktadowo zanali-
zowano moce czynng i bierng wsadu. Podano tez warunki
umozliwiajace zastepowanie fali elektromagnetycznej wal-
cowej przez fale plaska.
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1. INTRODUCTION

The presented method for determining electric quantities
in a workpiece heated by induction is based on the approxi-
mate equality of magnetic flux magnitudes in the coil under
both load and no-load condition. The method is valid for a
long cylindrical coil supplied with a sinusoidally varying
current, inducing a cylindrical electromagnetic wave in
a heated workpiece of circular cross-section. An induction
heater with such a coil has a low power factor of the order 0.1.
Therefore, the EMF induced in a w-turn exciting coil,
E =4.44 @, fw, practically equals the voltage U supplying
the coil with load. If, e.g., the reactance of the heater is 10
times the resistance, then £ = 0.995U.

The magnetic flux amplitudes, ®,,,, in an empty coil and in
the coil with load are therefore practically equal. The ampli-
tude of magnetic field intensity, H,,,, at the surface of
the workpiece can be computed in the way described in [2],

basing on equality of the above flux magnitudes. A knowled-
ge of H,,, makes it possible to analyse various electric quan-
tities in the heated workpiece.

The following considerations are limited to determining the
real and reactive components of power in the workpiece. In
addition, the dependence of the above mentioned power com-
ponents on the coil current frequency and on the width of the air
gap between the coil and the workpiece have been discussed.
The power dissipated in the workpiece, computed on the as-
sumption that a cylindrical electromagnetic wave spreads in the
workpiece has also been compared with the power obtained by
replacing the cylindrical wave with a plane one.

2. DETERMINATION OF MAGNETIC FIELD
INTENSITY AT THE SURFACE OF A WORKPIECE

In an empty coil of internal radius #,, length 4 )) 27, and
inductance:
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tic flux of peak value
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After placing a workpiece of radius r,, length 4 )) 7, ele-
viric conductivity y and magnetic permeability 4 = ugu, into the
coil, the magnetic flux will be a sum of the flux in the air-gap

d)mp =Tl (riz - rZZ)Hmo (4)

and the flux ®,,,, penetrating the workpiece. A cylindrical
electromagnetic wave is spreading in the workpiece and the
distributions of magnetic field, H,,, and electric field, E,,,
along radius 7 of the workpiece are given by [1, 2, 3]:
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where:

3 3
Jo [ﬁgjz ] and J1 [\/fgjz J — Bessel functions of
the first kind order zero and one with complex

3
argument J2 g j?,[4]

1 . .
Tfp depth of penetration of electromagnetic

3
wave, j2 = \/——:iTJ

The magnetic flux @,,,, determined fr

X
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and x, =\/§;—2)

is, after substituting eq. (5) and making appropriate calcula-
tions and rearrangements, given by

(me = \/En:u’iaHmo (ql - jpl ) (7)

where:
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The plots of p; and g, as functions of ;—2 are shown in

9, =

Figure 1.
The amplitude of the total flux ®,, penetrating the coil
with the workpiece equals

=|®,, +&,,|=7 Fu,H,,K ©)
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Fig. 1. Plots of plzf(—;—] and ¢ = f(%}

The magnetic field intensity H,,, at the workpiece surface
can be derived from the assumed equality of magnetic flux
magnitudes @, (egs. (3) and (9))

2
Y A
H,,= ,—zﬂU ” [rz) X (11)

The value of H,,, depends also on the ratio ;—2 .

When the workpiece radius 7, is very much larger than
the depth of penetration &, the cylindrical wave can be repla-
ced with a plane one in technical calculations. The magnetic
and electric field intensities of a plane wave vary against
distance as follows [2, 3, 5]

(12)

where distance x is measured from the workpiece surface
along its radius. The amplitude of the magnetic flux penetra-
ting the workpiece

" =]2'2mug;, dr

calculated using eq. (12), identities » = r, — x, dr = —dx and

T
an approximate equality 1—e ¢ () =1 is given by

| ' . 6
Qmw =7 r25:UHm0 |:1—-] (I_EJ} (13)

The modulus of the amplitude of the total magnetic flux
penetrating the coil with the workpiece has the value

@), =|0,, + @, |27 BuHLK (19

where

) 2
K'= l(i] —1+uri} +m[5 5 ] (15)
n n r}

Equating the magnetic flux magnitudes @, (3) and & 'm

(14) gives the following value of magnetic field intensity H’,,,
at the surface of a workpiece penetrated by an approximately
plane electromagnetic wave

2
Hyp = JlﬂUn;’ [i] e (16)

The expressions for H,,, (11) and H',,, (16) differ only
with the values of K (10) and K' (15), depending on ratios
rr_; , %2 and on u,.

A knowledge of H,,,, or H',,, makes it possible to analyse
various electric quantities in the workpiece heated by induc-
tion, such as distributions of magnetic field intensity H,, (5),
H',, (12), electric field intensity £, (6), E",, (12) as well as
those of current and power density. As an example, the work-
piece real power, P, and reactive power, O, will be analysed.

3. REAL AND REACTIVE POWER
IN THE WORKFIECE

Surface densities of real power p,, and reactive power g,
penetrating the workpiece computed on the assumption that
a cylindrical electromagnetic wave is spreading in the work-
piece (egs. (5) and (6)) equal
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Multiplying this identity by the side surface area of the
workpiece and substituting eqgs. (8) and (11), we obtain an
equation for workpiece real power P and reactive power

3
P+J'Q—\/% v w,[‘i]#(mﬂql) (18)
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It results from egs. (18) and (8) that the ratio of reactive po-

n

o

wer ( to real power P depends only on the ratio

This dependence is shown graphically in Figure 2. It can
be seen from it that the reactive power is always larger than

n

o

approximate equality Q = (1.21 + 1.05) P occurs.
Let

the real power, and when changing from 3 to 10, an
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We can rewrite eq. (18) as
p=ty2U. o ho2U” (20)
WA W2 "B

For loads with u,=1 the values of 4 and B depend only on

. r; K . .
the ratios —52- and —rl— , and at a fixed workpiece radius r,, the
2

coil radius r; and skin depth 6, depending on the coil current
frequency, can be chosen as variables. The values of A and
B have been shown graphically in Figures 3 and 4 as a func-
¥
tion of 32— for various ratios rr—l . The curves show that at
2

-
-(% = const the powers P and Q decrease very rapidly with
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Fig. 4. Plots of B=f r—2,i,y, =1].
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increase of -r'— . Also, at - = const and increasing —g the
2 6l

powers P and Q) decrease, and the more rapidly, the larger the

value of :—l . The above dependence results from the fact
2
that at a fixed voltage U supplying the coil, a rise of the coil
I-
current frequency £, causing an increase of ?2 , decreases
the coil current magnitude.

While maintaining a fixed voltage U the powers P and O
depend strongly on the width of the air-gap between the coil
and the workpiece.

Assuming a simplification that the load is penetrated by a
plane electromagnetic wave (egs. 12), the surface real power

density p;, and reactive power density g, are given by

, S o )
Pso +]qso - 2’)/5(Hm0) (21)
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Multiplying this identity by the workpiece side surface
area and substituting eq. (16) we obtain an equation for the
workpiece real power P' and reactive power Q'

3
' v_ 1.2 h 28 1
P = = — —_— —_
Q =57V (,zj ®y @
When calculating the workpiece power it is sometimes

assumed that its side surface area S =27 (r2 —%)h is

smaller than the actual one. Hence, we obtain

3
" " _ 14,02 h 2[4 0 S 1
T [1 —2][] &7 @

To determine the conditions that must be met to allow
replacing the cylindrical wave with a plane one when com-
puting the power P (eq. (18)) the following ratios

P__1 (KY P8P
P‘\/Epl(K')’ P_[l 2rz)P @4

r

have been calculated for various 32 and :—1 on the assump-
2

tion that u, = 1. The results of the calculations have been

shown graphically in Figures 5 and 6. It can be seen from the

plots that the power P" (23) differs from the power P(18) to a

lesser degree than the power P' (22), and the difference P"'— P

. K
depends on the values of the ratios 32 and 71— When
2

T n ) .
EZ >3 and r—] > 1.2, an approximate equality P"~ P occurs.
2
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Therefore, the cylindrical electromagnetic wave can be repla-
ced with a plane one under these conditions when calcula-
ting the power P.

When assuming a plane electromagnetic wave, the calcu-
lated workpiece reactive power Q" (23) equals the real power
P". A more accurate value of Q"= Q (18) can be computed

4 , where the value of the ratio aQ

| D
can be read from the curve in Figure 2.

from equality 0" = P"

4. CONCLUSIONS

The magnetic flux induced in a long cylindrical and empty
coil remains practically unchanged after putting a workpiece
into the coil. The constancy of the flux makes it easier both to
compute the amplitude of the magnetic field intensity H,,, at
the surface of the workpiece heated by induction and to ana-
lyse various electric quantities in the workpiece, such as di-
stributions of magnetic and electric field intensity and those
of current and power density.

The analysis of the powers P + jQ (18) in a workpiece of a
fixed radius r, has shown that at a fixed coil voltage these po-

n
é
a rise of coil current frequency, and by increasing coil radius r;.

For loads with u,. = 1 it is easy to determine the workpiece
powers P and QO based on eqs. (20) and graphs in Figures 3
and 4. In case of 4, > 1 the discussed powers P and O can
be computed using curves in Figure 1, the expression for K
(10) and equations (19).

wers fall rapidly both with increasing the ratio -, caused by

It has also been proved that in case of %53 and

o

4l .
Z > 1.2, the cylindrical electromagnetic wave can be repla-

ced with a plane wave when calculating the workpiece real
power P, because P" (23) = P (20).




1t should be noted that the discussed method can be used
when the lengths of the coil and the workpiece are at least 10
times their diameters. In that case the lines of the vector B
(or H) are practically parallel to each other except for short
sections at the ends.

A simplification has been made in the analysis carried out
above that the EMF induced in the coil with load approxima-
tely equals the voltage U supplying the coil. This approxima-
tion is the more accurate the lower the power factor of the
coil with load. If cosg =0.1 then £ = 0.995 U and if cosp = 0.2
then £ =098 U.

5. LIST OF SYMBOLS AND ABBREVIATIONS

A B — auxiliary quantities
E — electromotive force (EMF) induced in the coil
E, E ,;L — electric field intensity, amplitude
f — coil current frequency
h — coil length
H,.H ,; — magnetic field intensity, amplitude
H,,.H ,;w — magnetic field intensity at the workpiece
surface, amplitude
LI, — coil current
j J—1 — imaginary unit
J, Jg — Bessel functions
1+
k e —
o
KK — auxiliary quantities
L — coil inductance
P — auxiliary quantity
Dso>s pslo — surface density of workpiece real power
PP, P" — workpiece real power
q; — auxiliary quantity
Goprdes — surface density of workpiece reactive power
000" — workpiece reactive power
r — distance measured from the workpiece
centre along its radius
ry — coil internal radius
") — workpiece radius
w — number of coil turns
U — supply voltage
x — distance measured from the workpiece
surface along its radius
Y — workpiece electric conductivity
0 — depth of penetration
U — workpiece magnetic permeability
Ho — magnetic permeability of free space
U, — relative magnetic permeability
D, — magnetic flux, amplitude
D, — magnetic flux in the air gap, amplitude
LONR > 'mw — magnetic flux in the workpiece, amplitude
w — current angular frequency
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