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Summary: This paper presents a new method for the time-domain analysis of the electromagnetic 
transients in high voltage line towers hit by direct lightning strikes. The derived simultaneous par-
tial differential equations governing the voltage and current distributions, as functions of both the 
location and time, are solved by an efficient Mathematica computer code. The applicability of the 
proposed direct, non-iterative, distributed-parameter simulation technique is demonstrated. The re-
sults are in good agreement with those obtained through the application of other more sophisticated 
solution methods available in the literature. Several case studies are investigated in order to indicate 
the impact of the different affecting parameters such as the towers’ footing resistances and the time 
waveform of the lightning strike. 

I. INTRODUCTION

The results of investigating the frequency response and 
transient analysis of the transmission line towers are of great 
importance for the planning, design and the operation of 
overhead power lines [1–11]. They depend largely on the 
assumed tower models.  

Basically, a typical tower can be considered as a non-
uniform line with a decreasing inductance and an increasing 
capacitance per unit length as the vertical co-ordinate changes 
from the top towards the ground surface. The accurate 
determination of these circuit parameters is an important 
prerequisite to the towers’ transient analysis. There are 
numerous studies in the literature, for example references 
[1–4], suggesting analytical expressions for the towers’ 
characteristic impedance according to some simplifications 
regarding the tower shapes (e.g. cylindrical, conical, etc.). 
They are incorporated in the partial differential equations 
governing the transient voltage and current distributions. 
The currently applied solution procedures, such as those 
based on the time- or Laplace-domain methods are usually 
time consuming and represent a considerable computational 
burden in terms of the required computer memory. Most of 
them are based on iterative or recursive numerical methods 
with discretization in both time and space.

Reference [5], dated back in 1990, presents a survey of 
the then available methods (travelling-wave and time-domain 
solutions), and suggests the applicability of a proposed 
s-domain, distributed-parameter direct simulation technique. 
It yields exact solutions in cases where the characteristic 
impedance can be represented by some analytic function 
of location.  

The investigation [6] proposes an approach to the transient 
response and the frequency characteristics of power lines’ 
towers, initiated by lightning strikes. It starts with dividing 

the non-uniform line representing the tower into a number 
of sections. From the known dependence of the tower’s 
characteristic impedance on the vertical coordinate and 
the application of a recursive circuit reduction technique, 
an s-domain expression for the tower input impedance can 
be obtained. Numerical Laplace inversion then yields the 
transient response. Moreover, the impedance expression 
helps identify the tower’s resonance frequencies. This was 
used to demonstrate some potentially critical situations 
in which the tower is hit by lightning strikes comprising 
multiple current pulses.

Another s-domain method for the analysis of lossy and 
frequency dependent non-uniform transmission lines is 
presented in [7]. Here again the line is divided into adequate 
number of shorter sections which can then be assumed 
uniform. By applying the boundary conditions, the response 
in the s-domain is obtained and a fast inverse Laplace 
transform is used in order to get the corresponding time 
domain response. As validating examples, two case studies 
addressing the step- and surge- response of a non-uniform line 
are studied and the results are compared with those obtained 
by classical techniques.

An interesting new method for the simulation of fast 
transients on non-uniform lines is proposed in [8]. It is 
based on the method of characteristics of partial differential 
equations. The advantages of the method are demonstrated 
by its application to two problems. The first one addresses 
the effects of the sagging of conductors of an overhead 
power line. Corresponding results from the use of the 
EMTP software as well as the finite differences time-domain 
simulations are compared. The second application deals with 
the simulation of a fast impulse propagating along a tower.

Paper [9] describes a new line model for electromagnetic 
transient analysis in time-domain taking care of the parameter 
non-uniformities and their frequency dependence. This model 
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is based on the Radulet approach to line equations and on 
the finite differences in the characteristic coordinates. The 
model is validated by comparisons with case studies in the 
literature, and cross-checked with the EMTP/ATP and the 
numerical Laplace transform.

The surge response of the transmission tower in  
a three-phase transmission system could be computed 
using s-domain non-uniform single-phase line modelling, 
as indicated in reference [10]. The first step of the analysis 
is the formulation of the response in the s-domain, and the 
second step is the frequency to time domain conversion 
using inverse Laplace transform. The voltages on the phase 
conductors and the voltages across the tower insulators are 
then computed. Some of the results obtained using s-domain 
analysis are compared with those obtained using EMTP. The 
effect of the frequency dependence of the line parameters is 
also investigated.

An improved approach to the transient analysis of power 
line towers is presented in [11]. Each section of the tower’s 
steel structure is treated as a non-uniform line. Among other 
features, an efficient representation of the towers’ cross arms 
as open-ended non-uniform lines and their approximation 
by lumped capacitors are explored. Furthermore, the error 
introduced by neglecting the presence of the cross-arms, as 
well as the effect of their number (three or six) is assessed.

This paper suggests a more efficient technique for the 
time-domain analysis of the power line towers’ transients. 
Based on the tower model [4] and an efficient Mathematica 
computer code for solving the derived simultaneous partial 
differential equations [12], the results of a parameter study 
on the effect of the tower footing resistance on its response 
to lightning surges are presented. It is believed that such 
results can lead to useful guidelines to the proper selection 
of this resistance. 

Moreover, results pertinent to different time waveforms of 
the lightening current initiating the transients are presented 
and discussed.

II. METHOD OF ANALYSIS

Figure 1 illustrates the schematic representation and 
equivalent circuit of a sample high-voltage tower of height 
h and footing resistance Rg. According to reference [4], the 
tower structure can be assumed lossless. Its surge impedance 
is therefore pure real. Its location-dependent, i.e. zo(x) in 
Ohms can be expressed by the equation
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where x is the location or the co-ordinate measured from the 
tower top. z0(x) decreases from about 355 Ω at the top (x = 0) 
to 50 Ω at the ground level (x = h), as depicted in Plot 2a. 
Accordingly, the series inductance and shunt capacitance per 
unit length can be expressed by the two equations
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where the term velocity denotes the light speed = 3×108 m/s.
The above equations are illustrated by the two plots b) 

and c) of Fig.2.
It is assumed that the tower’s top is directly hit by a 

double-exponential lightning strike represented by the current 
source isource(t) and an internal pure real impedance Rsource. 
The factor 2 appearing in the Norton’s equivalent circuit in 
Fig.1 is because of the full wave reflection at x = 0 [1, 2,5].

The location- and time-dependent voltage v(x,t) and 
current i(x,t) along the tower are governed by the two 
simultaneous partial differential equations:
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For energization transients, the initial conditions are  
v(x,0) = 0 and i(x,0) = 0.

After a Norton-to-Thevenin’s circuit conversion, the 
boundary condition at x = 0 is:

v(0,t) = 2 Rsource  isource (t) – Rsource  i(0,t)         (6)

At the tower footing, x  =  h, the boundary condition is: 

v(h,t) = i(h,t) Rg                            (7)

The above set of equations can be directly solved through 
the application of the command NDSolve within the software 
package Mathematica (Version 11.1.1 or 12.0). No iterations 
nor discretization are required. The adopted method of 
solution is: 

Method –> {„EquationSimplification” –>”Residual”}, 
AccuracyGoal → 4, PrecisionGoal → 6, MaxSteps→Infinity] 

Fig.1. The considered line tower (left) and its equivalent circuit (right).
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          III. SAMPLE RESULTS

The plots in Figure 3 show the voltage and current transients 
at the tower’s top and footing due to a 30 kA, 0.2/25 µs 
double-exponential current surge isource(t) described by:

 isource (t) = 30.97 [Exp (–t /T1) – Exp (–t/T2)] kA     (8)

where t is the time in µs and the two time constants are: 
T1 = 17.63 µs and T2 = 0.0316 µs. The source and footing 

resistances are assumed Rsource = 250 Ω and Rg = 10 Ω, 
respectively. The tower height is h = 75 m. The voltage e(t) 
represents the equivalent Thevenin’s voltage source given 
by e(t) = Rsource.isource(t). Its peak value is 7.5 MV. The 
upper plot of the voltage V(top) exhibits a maximum value 
slightly in excess of 8 MV. It is in a good agreement with 
the corresponding results obtained through the application of 
the much more sophisticated memory- and time-consuming 
time- and Laplace s-domain techniques, such as those in 
references [4-6]. 

The suggested procedure can easily produce the tower 
voltage at its footing depicted by the green curve. The 
expected time delay of 0.25 µs. can be clearly recognized. It 
shows a final value close to 55 kV as the time t approaches 
infinity.

 
a) The characteristic impedance z0(x)

b) The capacitance per meter c(x)

c) The inductance per meter l(x)

Fig. 2. The dependence of  z0(x), c(x) and l(x) on the co-ordinate x.

Fig. 4. The instantaneous tower input impedance at the top (x = 0).

              a) The voltages

            b) The currents

Fig. 3. The voltage and current transients due to a 30 kA double-exponential 
current strike, Eq. (8).
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The blue and orange current plots in Fig. 3b illustrate the 
transient currents at the tower’s top and footing, respectively. 
The first one increases gradually from zero at t = 0, reaching 
around 40 kA after 0.50 µs (which is twice the wave travel 
time along the tower), as expected. It then increases more 
rapidly to approach the final value of approximately 60 kA.

The quantity defined by the ratio [v(0,t) / i(0,t)] of the 
voltage and current values at the tower top (x = 0) is usually 
referred to as the instantaneous tower input “impedance” 
[4]. It is plotted in Fig. 4 over the time range 0 ≤ t ≤ 1 μs. 
Its initial and final values are 355 Ω and 10 Ω, respectively. 
The latter one is equal to the assumed footing resistance Rg.

The two 3-D plots 5a and 5b show more details about 
the transient voltage and current distributions along the 
tower (0 ≤  x  ≤ 75 m) over the time range 0 ≤  t  ≤ 1 μs. They 
are self-explanatory and indicate where and when to expect 
excessive voltage and current transient stresses to occur. 
The plots lend themselves to possible animation in order to 
clearly visualize the spatial and temporal changes of v (x,t)  
and i (x,t).  It is seen that both of them are always positive 
for this particular case study.

Figure 6 shows the voltage transients pertinent to the 
theoretical extreme case of an infinite footing resistance. 
These results will be compared with those illustrated in  
plot a) of Fig. 3 of the base case (i.e. Rg = 10 Ω). There is no 

a) The voltage v(x,t)

b) The current i(x,t)

Fig. 5. Three-dimensional plots for the voltage and current transients due 
to the 30 kA double-exponential current strike, Eq. (8).

difference between the voltages at tower top in the time range 
0 ≤  t  ≤ 0.5 μs. The voltage (at the tower top) depicted in Fig. 
6 then jumps rapidly to about 11 MV after the arrival of the 
fully-reflected voltage wave returning from the tower footing 
(x = h = 75 m). This will be followed by a further increase with 
time, but at a slower rate. As expected, the voltage at the tower 
footing starts to deviate from zero only after t = 0.25 µs. It 
then increases rapidly to values above 18 MV.

Figure 7 illustrates the voltage transients resulting from 
a 10 times faster 30 kA double-exponential current strike, 
i.e. given by Eq. (8), but with T1 and T2 divided by 10. The 
considered time range is 0 ≤  t  ≤ 0.18 μs. The footing resistance 
is Rg = 10 Ω. The voltage at the tower’s top can momentarily 
exceed 13 MV, which is about 63% higher than that of the 
base case of 30 kA, 0.2/25 µs impulse. It will then oscillate 
around an average value slightly below 8 MV. The voltage 
at the tower footing does not show up in Fig. 7 because the 
tower’s wave travel time (0.25 µs) lies outside the plot’s 
time range.

Some of the above plots exhibit additional noise signals 
composed of parasitic high frequency oscillations. These 

Fig. 6. The voltage transients due to the 30 kA double-exponential current 
strike but with an infinite footing resistance, Rg = ∞.

Fig. 7. The voltage transients due to a 10 times faster (i.e. 0.02/2.5 µs)  
30 kA double-exponential current strike according to Eq. (8), but with T1 
and T2 divided by 10. The time range is 0 ≤ t ≤ 0.18 μs.
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numerical components can be attributed to the Gibb’s 
oscillations which are inherent in the algorithms adopted by 
Mathematica for solving the differential equations.

IV. CONCLUSIONS

1.  An efficient direct time-domain procedure for 
analyzing the lightning-initiated transient voltages 
and currents along power line towers is presented. 
The towers are treated as non-uniform transmission 
lines described by location-dependent characteristic 
impedance.

2.  The governing set of partial differential equations 
and the relevant initial and boundary conditions are 
derived. The unknown voltages and currents are 
functions of both location and time.

3.  The solution is obtained through the application of a 
presented Mathematica code with a mechanism for 
controlling the computation accuracy.

4.  Several case studies are investigated in order to show 
the effect of the different parameters such as the wave 
form of the lightning current and the tower’s footing 
resistance on the tower transients. It is believed that 
the results can lead to useful guidelines to the proper 
selection of this resistance.

5.  The results agree with those obtained through the 
use of more sophisticated simulation techniques such 
as those based on the time- and Laplace-domain 
approaches. Occasionally, small superimposed high 
frequency parasitic numerical oscillations can appear 
in the solutions. 
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